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Abstract
The problem of a single impurity in one dimensional Tomonaga –Luttinger
liquids with a repulsive electron–electron interaction is discussed. We find that
the renormalization group flow diagram for the parameters characterizing the
impurity is rather complex. Apart from the fixed points corresponding to
two weakly connected semi–infinite wires, the flow diagram contains addi-
tional fixed points which control the low temperature physics when the bare
potential of the impurity is not strong.
I. INTRODUCTION
The recent advance in submicron technology enables fabrication of truly one–dimensional
(1D) quantum wires. The electron liquids in these systems are usually described in terms of
the Tomonaga–Luttinger (TL) model [1,2]. Edge states in a two–dimensional electron gas,
under conditions of the fractional quantum Hall effect, were argued to be TL liquids as well
[3]. It is well known that in the TL model with a repulsive electron–electron interaction the
effective strength of a backward scattering by an impurity defect increases with decreasing
temperature [4]. For this reason, the conductance of TL liquids with a single defect has been
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intensively discussed recently using various theoretical methods [5–9]. It has been concluded
that even a weak impurity eventually causes the conductance to vanish at low temperatures.
The physical interpretation of the conductance vanishing is based on the assumption
made by Kane and Fisher [10], that in the limit of low temperatures the behavior of a TL
system with an impurity may be described as tunneling between two disconnected semi-
infinite TL wires. The effective amplitude of tunneling between the half–wires scales to
zero with decreasing temperature, because the tunneling density of states at the ending
point of a TL liquid vanishes when the electron–electron interaction is repulsive [10,11].
This interpretation corresponds to a scenario in which the effective strength of the impurity
increases in the course of the renormalization, so that at the final stage a weak impurity
transforms into a strong barrier, and disconnects the TL wire. However, a direct calculation
of the tunneling density of states [12], obtained by a mapping of the weak impurity problem
onto a Coulomb gas theory, apparently contradicts this intuitive picture. It has been found
that at the location of a weak impurity the tunneling density of states is enhanced, rather
than vanishing. The scenario of Ref. [10] is based on the assumption that no other fixed
points intervene in the scaling from the repulsive fixed point of a weakly scattering defect
to the attractive fixed point corresponding to a tunneling junction of two half-wires. The
contradiction of this scenario to the calculations of single particle properties, such as the
tunneling density of states, and the Fermi edge singularity [13], indicates that maybe this is
not the case.
In this work the problem of a single impurity in TL liquids with a repulsive electron–
electron interaction is reinvestigated. We concentrate on the limit when the Fermi wave
length is much larger than the defect size. This situation is typical for semiconductors,
where the filling of the conduction band is far from one half. Then it is possible to describe
the problem as a continuous model with an appropriately chosen point–like defect. We
come to the conclusion that the low energy physics of a weak impurity is controlled by a
fixed point that differs from the one corresponding to a tunneling junction of two half-wires.
This aspect of the discussed problem proves to be similar to an overscreened two channel
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Kondo problem, while the original idea of the theory of Ref. [10] has been orientated to
a situation similar to the ordinary Kondo problem (see also Ref. [14] for a discussion).
The above statement may seem to be strange. Indeed, in the overscreened two channel
Kondo problem the infinitely strong exchange interaction corresponds to a repulsive fixed
point [15], while in the problem under discussion the only apparent candidate for a fixed
point in the strong coupling regime is the fixed point of a tunneling junction [16], which is
attractive. We find here that there exists another fixed point corresponding to the infinitely
strong amplitude of the impurity backward scattering, and it is repulsive. This implies
that in addition there should be an attractive fixed point at a finite value of the backward
scattering amplitude. The renormalization group (RG) flow diagram of the problem depends
on several parameters characterizing the impurity, and is rather complex. Each of the fixed
points describing the backward scattering problem, as well as that of the tunneling junction,
corresponds to a manifold of fixed points. An important fact is, that the tunneling junction
manifold, and the two of the new fixed points describing backward scattering, are located
in different parts of the RG flow diagram.
For a point–like defect, all Fourier components of an impurity potential are practically
the same. Therefore, one may characterize the ”strength” of the potential by an initial
(bare) value of a dimensionless parameter u+ =
∫
U(x)dx/vF , where vF is the Fermi veloc-
ity. When u+ is small, the backward scattering problem is described by the partition function
Zsc(u−; g), depending on a backward scattering amplitude u−, and on the electron–electron
interaction parameter g. Alternatively, when u+ is large, i.e., the impurity is strong, the
appropriate description is a tunneling model with a partition function Ztun(t−; g), depending
on a tunneling amplitude t−. For free electrons, the two partition functions are deeply con-
nected, because of the relation between the reflection from and the transmission through the
defect. In this case, in principle, each one of them can represent an impurity of an arbitrary
strength. The situation becomes quite different when the electron–electron interaction is
switched on in TL liquids. Then, the partition functions Zsc(u−; g) and Ztun(t−; g) are not
equivalent anymore. Instead, they describe two complementary limiting cases of the phase
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diagram, and give completely different structures of the RG fixed points for these cases.
In this paper, the RG flow diagram of the continuous model is analyzed by examining
different ”corners” of the scattering and the tunneling limits, and tailoring them together.
The flow diagram is constructed in axes representing the strength of the impurity u+, and the
backward scattering amplitude u− (and/or 1/t−), respectively. The presentation of the phase
diagram in the space of the impurity potential parameters, rather than the conventional
presentation in terms of the backward scattering amplitude together with the parameter g,
helps clarify the different character of the fixed points controlling the low energy physics in
the cases of a weak and a strong bare impurity potential. In the course of renormalization
of a weak impurity the effective barrier evolves in a special manner. Only the backward
scattering amplitude u− increases, while u+, being marginal, remains small. That is why
a weak local impurity in a continuous model does not evolve towards a strong barrier, but
proceeds to scale in the other, complementary, part of the RG flow diagram. The low energy
physics in this case is controlled by a line of fixed points Lf , at a finite value of u−. (More
precisely, Lf is a manifold of fixed points due to the presence of other marginal parameters.
Since we use a two–dimensional plot for the RG-diagram, we will call such manifolds ”lines”.)
The other part of the flow diagram contains a line of attractive fixed points, D0, controlling
the low energy physics when the bare potential of the impurity is strong. This line describes
the vanishing of the tunneling amplitude t−, and corresponds to two disconnected half-wires.
We think that the attraction of the weak impurity problem to Lf , but not to D0, is
the reason for the difference between the results obtained by means of the Coulomb gas
theory for the single particle correlators, and those obtained relying on the scenario of two
disconnected wires.
The paper is organized as follows: in Sec. II we discuss the renormalization of the scatter-
ing and the tunneling Hamiltonians, i.e., the RG flow for two different limits of the impurity
strength. The existence of several parameters describing a local defect in the continuous
model is emphasized. In Sec. III a RG flow diagram unifying both cases of a weak and
of a strong impurity potential is discussed. In Appendix A the repulsive character of the
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limit u− =∞ and, consequently, the existence of the attractive Lf -line, is demonstrated by
mapping the impurity problem onto a spin-1/2 Heisenberg chain.
II. THE REGIONS OF A WEAK AND A STRONG IMPURITY IN THE FLOW
DIAGRAM
In this section we reproduce the main results concerning the renormalization of the
problem in the limits of a weak and of a strong impurity potential. We assume that the
Fermi wave length is much larger than the defect size. This situation occurs in semiconductor
wires where the filling of the conduction band is far from one half and the Fermi wave length
is large. Several authors used the half-filled tight binding model with a link defect, to analyze
the problem of backward scattering in quantum wires. The tight binding model corresponds
to a fixed choice of the parameters describing the defect, that makes this model a specific
one. In this case the Fermi wave length is commensurate with the impurity size, and the
final fixed point depends on the internal structure of the defect [14]. The continuous model
considered here is not constrained by the specific structure of the local defect.
A weak potential scattering: the repulsive line L0
The Hamiltonian of the TL model is given by
HTL = −ivF
∫
dxψ†R(x)
∂
∂x
ψR(x) + ivF
∫
dxψ†L(x)
∂
∂x
ψL(x) +
1
2
V
∫
dx (ρR(x) + ρL(x))
2 ,
(1)
Here the electron spectrum is linearized near the Fermi points ±kF ; ψR(x) and ψ†R(x) are
the field operators of fermions that propagate to the right with wave vectors ≈ +kF , and
ψL(x) and ψ
†
L(x) are the field operators of left propagating fermions with wave vectors
≈ −kF ; ρL(R)(x) = ψ†L(R)(x)ψL(R)(x) are the electron density operators; V describes the
density–density interaction with a momentum transfer much smaller than kF . The Hamil-
tonian (1) describes the 1D electron liquid when the backward scattering amplitude of the
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electron–electron interaction may be ignored, and it is a fixed point Hamiltonian for a broad
class of 1D systems.
For low energy physics only processes of electron scattering with a momentum transfer
close to zero and to 2kF are essential. Let us denote
U0 =
∫
dxU(x), U2kF =
∫
dxU(x)ei2kF x. (2)
Here U0 and U2kF = −|U2kF |eiϕu are the Fourier transform amplitudes of the impurity
potential U(x). For a weak impurity the forward and backward scattering amplitudes are
u+ = U0/vF , u− = |U2kF |/vF , (3)
respectively; vF is the Fermi velocity. (To avoid confusion, we will not use here the notations
δ± for the dimensionless amplitudes u±, unlike in [13], because the relations of the amplitudes
u± with the scattering phase shifts are ill defined for interacting electrons in the TL model.)
Note, that since the bare impurity potential U(x) is assumed to be local, it has Fourier
components of the same order for practically all momenta. Therefore, the line of the bare
parameters corresponds to u+ ≈ u−.
In addition to u+, u−, and ϕu, another parameter, ua, describing the asymmetry of
the forward scattering of left and right movers will be introduced. In the presence of time
reversal symmetry ua ≡ 0, but it is not necessarily zero for the quantum Hall edge states.
The scattering of the conduction band electrons by a single local defect at x = 0 is given by
Hsc = vF
[
u+
(
ψ†R(0)ψR(0) + ψ
†
L(0)ψL(0)
)
+ ua
(
ψ†R(0)ψR(0)− ψ†L(0)ψL(0)
)
− u−
(
eiϕuψ†R(0)ψL(0) + e
−iϕuψ†L(0)ψR(0)
)]
,
(4)
where ψR(L)(0) ≡ ψR(L)(x = 0).
The bosonization technique (for review see [1,2]) allows one to reduce the TL Hamiltonian
to a quadratic form in terms of operators of bosonic fields φ0 and φ˜0:
φ0(x) =
−i√
4pi
2pi
L
∑
p
exp (−η|p|/2− ipx)
p
[ρR(p) + ρL(p)] , (5)
φ˜0(x) =
−i√
4pi
2pi
L
∑
p
exp (−η|p|/2− ipx)
p
[ρR(p)− ρL(p)] , (6)
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where L is the system length, and η−1 is an ultraviolet cutoff, (2piη)−1 is equal to the average
density of the electron liquid. The fields φ0 and its dual partner φ˜0 are conjugate variables,
i.e., [
dφ0(x)
dx
, φ˜0(y)
]
= iδ (x− y) . (7)
After rescaling the operators
φ =
√
4pi
β
φ0, φ˜ =
β√
4pi
φ˜0, (8)
the bosonized representation of the Hamiltonian (1) becomes
HBTL =
vF
2g
∫
dx

(dφ
dx
)2
+
(
dφ˜
dx
)2 . (9)
Here g is an effective parameter of the electron–electron interaction
g =
β2
4pi
, β2 = 4pi
√
1− γ
1 + γ
, γ =
V
(2pivF + V )
; (10)
g < 1 when the electron–electron interaction is repulsive, while for the attractive interaction
g > 1.
The bosonic representations of the operators ψR and ψL are given as
ψBR (x) =
eikF x√
2piη
exp
[
− i
2
(
4pi
β
φ˜+ βφ
)]
, (11)
ψBL (x) = i
e−ikF x√
2piη
exp
[
− i
2
(
4pi
β
φ˜− βφ
)]
. (12)
Then, the scattering by a weak impurity may be written in terms of the φ-field as
HBsc =
vF
2pi
(
βu+
dφ
dx
∣∣∣∣
x=0
+
4pi
β
ua
dφ˜
dx
∣∣∣∣∣
x=0
− 2u−
η
cos(βφ(0) + ϕu)
)
. (13)
The RG equations for this problem are
du−
dξ
= u−(1− g), (14a)
du+
dξ
= 0, (14b)
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dua
dξ
= 0,
dϕu
dξ
= 0, (14c)
dg
dξ
= 0. (14d)
The last equation here reflects the well known fact that in the TL model the interaction
parameter g is not renormalized. Since g describes a ’bulk’ electron liquid, the presence of
a single impurity cannot influence this parameter. The decoupling of the RG-equations for
amplitudes u+ from the rest of the parameters is a consequence of an important property of
the Hamiltonian HTL +Hsc. Namely, it can be split into two commuting parts containing
the forward u+, and the backward u−, scattering terms separately [17,18], see Eq. (A3).
Since the forward scattering u+ is given by a linear term in Eq. (13), and the amplitude
u− cannot influence the renormalization of u+ because of the separation, the fulfillment of
Eq. (14b) becomes evident. Hence, under the condition that the impurity can be described
as a local weak potential in a TL liquid, the forward scattering amplitude u+ is a marginal
parameter. The parameters ua and ϕu are marginal as well, see Eq. (14c). This is because
the ua-term, being linear in dφ˜/dx, can be removed from the Hamiltonian by a canonical
transformation, while ϕu does not reveal itself in the partition function Zsc. In contrast, the
backward scattering amplitude is relevant for the repulsive case. Eq. (14a) has been derived
[5] (see also [19]) for small u−. The renormalization of u− in the strong coupling regime is
discussed in Sec. III.
Eqs. (14a–14d) describe a repulsive manifold of fixed points L0, denoted as the L0-line
at the left-bottom corner, u± ≪ 1, of the RG-plane depicted in Fig. 1.
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FIG. 1. The RG-flow diagram of a point-like defect in a quantum wire with a repulsive elec-
tron–electron interaction: The line L0 represents a manifold of fixed points in the case of an
infinitesimally small impurity potential. The line D0 corresponds to the tunneling junction limit.
The line L∞ corresponds to the limit of an infinitely large backward scattering amplitude u− in
Hamiltonian (13). The attractive fixed line Lf controls the low temperature physics of the back-
ward scattering problem. The problems of a weak impurity and a weak tunneling junction evolve
at complementary parts of the phase diagram, and do not flow to each other in the model with a
linearized electron spectrum.
A strong potential barrier: the line of attractive fixed points D0
When the bare impurity is strong enough, the description of the problem in terms of
the scattering amplitudes u−, u+, ua, and ϕu ceases to be adequate. On the other hand, the
fact that the impurity is strong does not contradict the assumption of locality kFa≪ 1. A
local and strong impurity can also be considered as a point–like problem, but here it should
be described by two semi–infinite TL liquids, with a weak tunneling junction between their
ending points. Like in the case of the weak potential scattering, there are four parameters
that describe the tunneling and reflection processes at the tunneling junction of the two
half–wires. These parameters are the tunneling amplitude t−, its phase ϕt, and the two
parameters, t+ and ta, characterizing the phases that an electron acquires when it is reflected
at the ends of the half–wires. The parameter ta describes the asymmetry of the left and the
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right parts of the tunneling junction. In the particular case of a strong δ-function potential,
where u± = u ≫ 1, the amplitudes t± ∼ 1/u.
The low energy physics of each semi–infinite wire may be described by a single chiral
mode [5,18]. It will be assumed that there is no density–density interaction between the
half–wires, but inside each of them the density–density interaction is present. The effects
of the electron–electron interaction inside a half–wire can be taken into consideration by a
canonical transformation (see ,e.g., Sec. IIIA in Ref. [13]). Then the appropriate bosonic
description of tunneling between two oppositely moving chiral modes corresponding to each
of the half-wires is given by
HBt =
vF
2pi
(
4pi
β
t+
dφtun
dx
∣∣∣∣
x=0
+ βta
dφ˜tun
dx
∣∣∣∣∣
x=0
− 2t−
η
cos
(
4pi
β
φtun(0) + ϕt
))
. (15)
Here dφtun(x)/dx is related to the total density of the two chiral modes, and φ˜tun is a field
dual to φtun.
The RG equations in this case are analogous to Eqs. (14a-14d):
dt−
dξ
= t−(1− 1/g), (16a)
dt+
dξ
= 0, (16b)
dta
dξ
= 0,
dϕt
dξ
= 0. (16c)
In contrast to u−, the tunneling amplitude t− scales to zero for repulsive electron–electron
interaction (g < 1). Therefore, the manifold of fixed points described by the tunneling
Hamiltonian HBt is attractive. In the two–dimensional plot depicted in Fig. 1 it is presented
in the upper right corner as the D0 -line.
III. THE UNIFIED RG FLOW DIAGRAM
The problem of an impurity in a TL liquid has been discussed in Sec. II for the two
limiting models: an impurity scattering, Eq.(13), and a tunneling junction, Eq.(15). The
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scaling flow diagrams of these complementary models are depicted together in Fig. 1 as a
combined plot. In this plot, the scattering model is represented on the left side, and the
tunneling model – on the right one. The center of the plot corresponds to the crossover
region when the impurity potential has an intermediate strength. Since for a large barrier
the backscattering amplitude is large, and the tunneling amplitude is small, we use the
vertical axis to represent u− and 1/t−. The horizontal axis represents u+ together with the
other parameters, which in a model with a linearized electron spectrum are not renormalized.
Due to the presence of these additional parameters, lines on the symbolic two-dimensional
plot correspond to hyperplanes.
For a point-like impurity there are certain relations between the bare parameters char-
acterizing the potential: u− ≈ u+, and 1/t− ≈ 1/t+. Hence, only the left-bottom and
the right-upper corners of the phase diagram in Fig. 1 are attainable for bare parameters
of a local impurity in the continuous model. However, according to Eqs. (14a), (14b) the
amplitude u− renormalizes to a strong coupling regime, while u+ being marginal, remains
small. Therefore, to understand the nature of this regime, we have to analyze the scat-
tering Hamiltonian (13) for the region of the parameters corresponding to the upper left
corner of the phase diagram. (Since large u− together with small u+ does not correspond
to a physical realization of the bare parameters, we use in the phase diagram “u−” with
quotation marks.) In Appendix A , the line L∞ with u− ≫ 1 and a not too large u+ is
argued to be a repulsive fixed line. For this purpose, the Hamiltonian H = HTL + Hsc of
the impurity scattering in the TL model is mapped onto a semi-infinite spin-1/2 Heisenberg
chain. In this mapping the impurity backscattering amplitude corresponds to a magnetic
field h ∝ u−, that acts on the spin located at the origin of the chain. In the course of the
RG treatment small h scales, as u− does, to a strong coupling regime. To investigate the
nature of this regime, we analyze the stability of the limit h =∞, following the spirit of the
treatment of the two channel Kondo problem by Nozie`res and Blandin [15]. When h is very
large, the spin–spin coupling in the spin chain can be considered as a small perturbation in
a real space RG analysis. This procedure generates a new operator, which is not irrelevant.
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If one assumes that h → ∞ is a stable fixed point, the latter fact makes the RG process
nonconvergent. This is in contradiction to the assumption of stability, and therefore we have
to conclude that h → ∞ is a repulsive fixed point. Since h ∝ u−, we get that the limit of
an infinitely strong backward scattering is repulsive. Both limits, u− = 0 and u− =∞, are
repulsive, and therefore there necessarily should be an attractive fixed point at some finite
value of the backward scattering amplitude u−. (This analysis is valid when a description
of the local impurity scattering in terms of the TL model is a good approximation. Then
the Hamiltonian H can be split into two commuting parts describing the backward and
the forward scattering separately [17,18], see Eq. (A3). The discussed RG-regime of the
u−-amplitude develops inside the backward scattering part alone.) Thus, on the left side
of the diagram there are two repulsive lines L0 and L∞, and in addition an attractive line
Lf , which is sandwiched between the opposite directions of the flow. The right side of the
diagram corresponding to the tunneling Hamiltonian (15), contains an attractive fixed line
D0 which describes scaling to zero of the tunneling amplitude t−.
The information collected up to now is presented on the combined plot in Fig. 1. To
complete the central part of the flow diagram, a region of an intermediate impurity strength
should be studied. None of the two limiting models describes the problem faithfully in this
crossover region, and a consideration of a more comprehensive Hamiltonian, which covers
both limiting cases, is needed. Moreover, to study the RG-flow in the crossover region,
one has to give up the approximations of the linearized electron spectrum and/or of the
locality of the defect. Then, the decoupling of forward and backward scattering is no longer
valid. (In the bosonized representation terms ∝ ρ3L(R) describe the curvature of the electron
spectrum. One of the possible ways to consider the nonlocality of the impurity is to add
a term ∝ ψ†R(0) ddxψL(0) + h.c.. When kFa ≪ 1 the coefficient of this term is very small.)
Effects arising due to the nonlinearity of the electron spectrum and the nonlocality of the
defect should be studied by a loop expansion in higher orders. These effects may have highly
important influence on the renormalization of the parameters u+ and u−. For example, it
may cause the flow lines near the Lf -line to bend to the left or to the right.
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The plot in Fig. 1 is based on the idealized models, and as a draft it gives a hint how
the known limiting cases could be matched together. Since the curvature of the electron
spectrum is not universal, different scenarios can occur. The two most apparent versions of
the flow diagram are presented in Figs. 2a and 2b , but more sophisticated variants can be
imagined due to multidimensionality of the problem, which up to now was hidden by the
linearized spectrum approximation. In the version presented in Fig. 2a, the limiting cases
of a weak and a strong impurity evolve completely independently. In contrast, the RG-flow
presented in Fig. 2b corresponds to a scaling from L0 to D0 , i.e., from a weak impurity
scattering to a limit of two disconnected half-wires, as it has been assumed in Ref. [10].
However, this version of the RG-flow acquires, in the present discussion, a new essential
element. Namely, the flow trajectory after the first stage where it reaches the Lf -line dwells
at length in its vicinity, and this leads to an intermediate asymptotic behavior. For a weak
enough impurity this intermediate regime can be very long, and then it determines the low
energy physics in a certain temperature range.
FIG. 2. Two possible modifications of the flow diagram that can occur beyond the approxi-
mations of the model, such as the linearization of the spectrum, the locality of the defect, etc. The
flow diagram becomes dependent on the model parameters in a non universal way.
We emphasize that in considerations based on the approximation of a linearized electron
spectrum, RG-trajectories that start at L0 end at Lf . This approximation has been utilized
in the mapping of the problem onto a Coulomb gas theory [13,12]. Therefore, the tunneling
density of states, and the Fermi edge singularity exponent, found in Refs. [13,12] correspond
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to the physics near Lf , and not to a tunneling junction, i.e., not near D0.
IV. SUMMARY
We have studied a single impurity in TL liquids with a repulsive electron–electron in-
teraction. The problem has been described by a continuous model with a point-like defect.
Two complementary limiting models corresponding to the weak and the strong impurity po-
tential limits have been presented on a unified flow diagram depicted in Fig. 1. Apart from
the backward scattering amplitude for a weak impurity, and the tunneling amplitude at the
opposite extreme, another parameter characterizing the ”strength” of the impurity potential
controls the RG–flow. The unified plot of the flow diagram is rather complex. Because of
many marginal parameters, fixed points of the limiting problems generate manifolds which
on the symbolic two-dimensional plot of the flow diagram we present as lines. When the
potential barrier of the impurity is strong, the low temperature behavior is controlled by the
D0-line corresponding to two disconnected semi–infinite wires. In addition, the flow diagram
contains another attractive fixed line, Lf , controlling the low temperature physics when the
bare potential of the impurity is weak. The existence of this line has been established by
considering a scattering Hamiltonian (13) with the backward scattering parameter taken to
be very strong, u− → ∞, while the forward one, u+, was small. This somewhat fictitious
case is important due to the fact that in the TL model only the backward scattering scales
to strong coupling while u+ remains marginal. By mapping this case onto a spin-1/2 Heisen-
berg chain, it has been shown that the line L∞ describing the limit u− → ∞ is unstable.
The existence of the attractive line Lf at an intermediate value of the parameter u−, follows
from the fact that both limiting lines L∞ and L0, have proved to be unstable.
The renormalization of the u−-amplitudes resembles the situation of the overscreened two
channel Kondo problem [15]. This is not accidental. At a particular value of the electron–
electron interaction parameter g = 1/2, the problem of a weak impurity in a TL liquid can be
mapped onto the two channel Kondo model with a specific value of the longitudinal exchange
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coupling (for details see the end of Appendix A). It is well known that in the overscreened
two channel Kondo problem the limit of infinite exchange interaction is unstable, and there
is an anomalous fixed point at a finite coupling. Since the problem under consideration, and
the overscreened two channel Kondo model are equivalent at one point, it is natural that
the line u− =∞ proves to be repulsive, as it has been found here. Note, however, that the
present treatment is not restricted to a specific value of the electron–electron interaction.
The presentation of the phase diagram in the space of parameters characterizing the
impurity potential, helps clarify the difference between the D0- and the Lf -lines of fixed
points–they are located in different parts of the phase diagram. In the continuous model
with a linearized electron spectrum the two limiting cases of a point-like defect’s strength
evolve completely independently. This is constructive for understanding the low tempera-
ture physics in the case of a weak impurity. On the other hand, an extension beyond the
assumption of the model such as the linearization of the spectrum, the locality of the defect,
as well as other possible mechanisms of a crossover between different regimes, remain open
questions.
A novel line of fixed points can be essential for the scenario of Ref. [10]. This scenario is
based on the assumption of scaling from a weak impurity scattering to a strong barrier. The
existence of the Lf -line indicates that the situation is more complicated (see the discussion
of Figs. 2a, 2b at the end of Sec. III). We think that the attraction of the weak impurity
problem to Lf , but not to D0, is the reason for the results obtained by means of the Coulomb
gas theory [12,13]. The enhancement of the tunneling density of states obtained in this theory
corresponds to decrease of the escape rate of an electron from a defect center, as a result
of multiple backward scattering in combination with the electron–electron interaction. We
believe that the physics of the Lf -line may have a relation to the strengthening of the role
of the Friedel oscillations in the TL model, see e.g., Ref. [6].
To conclude, we have developed a continuous model of a single local defect in a TL liquid.
This theory is related to the physics of semiconducting 1D quantum wires, and edge states
in the quantum Hall effect. We identify a new attractive fixed point controlling the strong
15
coupling regime of the backward scattering in the TL model. This novel point may also
have implications for some other related problems, in particular to the theory of the motion
of a quantum particle in a dissipative environment, see Ref. [20] and references therein.
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APPENDIX A:
In this Appendix the problem of a local impurity in the TL model is mapped onto a semi-
infinite spin-1/2 Heisenberg chain, with a magnetic field h ∝ u− acting on the spin located
at origin of the chain. The mapping onto a spin chain is an appropriate way to study the
nature of the strong coupling regime of the impurity problem. This can be done by analyzing
the stability of the point h = ∞. When h ≫ 1, one can consider the spin–spin coupling in
the spin chain as a small perturbation in a real space RG analysis. This procedure generates
a new operator, which is not irrelevant, and therefore the fixed point h = ∞ proves to be
unstable. Both limits, h = 0 and h =∞, are repulsive, and consequently there should be an
attractive fixed point at an intermediate finite value of h. Since h ∝ u−, this analysis yields
the existence of the repulsive L∞-line and the attractive Lf -line on the left part of the RG
flow diagram depicted in Fig. 1.
1. A mapping of impurity scattering in TL liquids onto a spin-1/2 semi-infinite chain.
It is convenient to describe a point-like impurity scattering by a pair of chiral variables
[18]
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Θe(x) =
1
2
√
2
[(
φ˜(x) + φ˜(−x)
)
− (φ(x)− φ(−x))
]
,
Θo(x) =
1
2
√
2
[(
φ˜(x)− φ˜(−x)
)
− (φ(x) + φ(−x))
]
,
(A1)
that obey the commutation relations
[Θe(x),Θe(y)] = [Θo(x),Θo(y)] = − i4sgn(x),
[Θe(x),Θo(y)] = − i4 .
(A2)
In terms of Θe,Θo the Hamiltonian H = HTL+Hsc, see Eqs. (9) and (13), can be rewritten
in the form
H = He +Ho ,
Ho =
vF
g
∫
dx
[(
∂Θo
∂x
)2
− u− g
piη
cos
(
β
√
2Θo(x)
)
δ(x)
]
, (A3)
He =
vF
g
∫
dx
[(
∂Θe
∂x
)2
− u+ βg√
2pi
∂Θe(x)
∂x
δ(x)
]
.
Although Θe and Θo do not commute, the Hamiltonian H is divided into even and odd
parts, He and Ho, respectively, because the even part contains only derivatives of Θe. For
small bare scattering amplitudes δ±, and a not too strong electron–electron interaction, the
linearization of the spectrum of the electrons used in the TL model is valid. The decoupling
of forward and backward scattering holds under this approximation. For simplicity we omit
the phase ϕu, and the ua-term related to time reversal asymmetry, in Ho.
We now show that the odd part Ho is effectively equivalent to the Hamiltonian of a
semi-infinite spin-1/2 antiferromagnetic chain with anisotropy γ:
Hs =
J
2
∞∑
n=0
(
S+n S
−
n+1 + S
−
n S
+
n+1
)
+ γJ
∞∑
n=0
(
S+n S
−
n −
1
2
)(
S+n+1S
−
n+1 −
1
2
)
− hJ (S−0 + S+0 ) .
(A4)
A Hamiltonian of this type, with γ = 0, has been introduced by Guinea [21] for the descrip-
tion of a quantum particle interacting with a dissipative environment, at a particular value
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of the friction coefficient. It has also been used to discuss the transmission through barriers
in TL liquids [5], for a given value of the electron–electron interaction g = 1/2. Here we
introduce the γ-term in order not to be limited to a particular value of the electron–electron
interaction. Note, that in Hs, unlike the standard tight binding model (see, e.g., Ref. [14]),
the defect is located on a single site j = 0, and therefore it has no internal structure. This
is consistent with our purpose to study a point-like impurity.
To show the equivalence ofHo andHs, one should perform a sequence of transformations.
After applying the inverse of the Jordan-Wigner transformation [22,23]
S+n = c
†(n)eipi
∑n−1
j=0
c
†
j
cj , S−n = e
−ipi∑n−1
j=0
c
†
j
cjc(n),
Hs transforms into Hc, where
Hc =
J
2
∞∑
j=0
c†jcj+1 + h.c.+ γJ
∞∑
j=0
(
nj − 1
2
)(
nj+1 − 1
2
)
− hJ
(
c†0 + c0
)
. (A5)
In the absence of the local magnetic field h, the average of Sz =
∑
i S
z
i over the ground state
|G〉 of the spin chain is equal to zero. Since
Sz =
N∑
j=0
c†jcj − N/2 = NF − N/2,
the sector 〈G|Sz |G〉 = 0 corresponds to half filling. The local operator hJSx0 cannot change
the bulk properties of the chain. Therefore, it will be assumed that the fermion system Hc
of Eq.(A5) is at half filling. The continuum limit of Hc (e.g., see Ref. [22]) corresponds to
the effective Hamiltonian Hcontc = H0 +Hint +Hh, where
H0 = ivF
∫∞
0
dx
(
L†(x)∂xL(x)− R†(x)∂xR(x)
)
,
Hint = vF γ¯
∫∞
0
dx (ρ¯L
2 + ρ¯R
2 + 4ρ¯Rρ¯L)− 2γ¯vF
∫∞
0
dx
[(
R†(x)L(x)
)2
+
(
L†(x)R(x)
)2]
,
Hh = vF
1√
η
h
(
R(x = 0) + L(x = 0) +R†(x = 0) + L†(x = 0)
)
.
(A6)
Here vF = Jη, where η is the lattice spacing, and the operators L and R represent left
and right movers on a semi-infinite line. The remnant of the discrete structure of the
18
chain is the last term in Hint, which corresponds to the Umklapp processes at half filling
[24,25]. This Umklapp term scales to zero for |γ¯| < 1, and also renormalizes the electron–
electron interaction with a small momentum transfer. However, at small γ¯ the latter effect
is negligible, and for the low energy description one may substitute Hint by the effective
term
H ′int = vFγ
∫ ∞
0
(
ρ¯L
2 + ρ¯R
2 + 4ρ¯Rρ¯L
)
dx. (A7)
The last step, which needs to be carried out in order to establish the equivalence between
Ho and Hs, is to unfold the semi-infinite line with left and right movers into a full line with
a single chiral bosonic field. This yields:
Hchiral = pivF
∫∞
−∞ dx [ρ
2
ch(x) + γ/pi (ρ
2
ch(x) + 2ρch(x)ρch(−x))]
− 4vF√
2piη
h cos
(√
4piΘch(x = 0)
)
,
(A8)
where dΘch(x)/dx =
√
piρch(x). Diagonalizing the quadratic part of the Hamiltonian, we
find:
Hchiral =
vF
gch
∫ ∞
−∞
dx
[
piρ2ch(x)−
4gch√
2piη
h cos
(
βchΘ¯ch(x)
)
δ(x)
]
, (A9)
where βch =
√
4pi exp χ, χ = 1
2
arctanh(2γ/ (pi + γ)), and gch ≈ (1 + γ/pi)−1 . Notice, the
important role of the γ-term – it modifies βch inside the cosine term.
Thus, as a result of the sequence of transformations
Hs =⇒ Hc =⇒ Hcontc =⇒ Hchiral =⇒ Hchiral =⇒ Ho, (A10)
we obtain that the Hamiltonians Hs and Ho are equivalent when βch =
√
2β and h =
u−/
√
8pi. Due to the γ-term, this equivalence is extended here to a finite interval of the
electron–electron interaction.
2. A scaling analysis of the spin chain model.
We will use the equivalence of Ho and Hs to analyze the stability of the fixed line at
u− =∞ and small u+. A simple variant of the Nozie`res and Blandin approach [15] in their
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analysis of the two channel Kondo problem will be considered. Following this approach, we
will assume that h≫ 1, and check whether the fixed point h =∞ is a stable one.
In the presence of a strong magnetic field h≫ 1, the spin at site 0 is oriented along the
direction opposite to the magnetic field. Its coupling to the nearest neighbor at the lattice
site 1, can be treated as a perturbation. The reduced Hamiltonian that includes only sites
0 and 1 is given by
H01s =
J
2
(
S+0 S
−
1 + S
−
0 S
+
1
)
+ γJ
(
S+0 S
−
0 −
1
2
)(
S+1 S
−
1 −
1
2
)
− hJ (S−0 + S+0 ) . (A11)
After performing the permutation x→ z, y → x, and z → y we obtain the Hamiltonian
H01s = JS
z
0S
z
1 +
J
4
(1− γ¯) [S+0 S+1 + S−0 S−1 ]+ J4 (1 + γ¯) [S−0 S+1 + S+0 S−1 ]− 2hJSz0 . (A12)
For h≫ 1 the spin at site 0 is in the state |0 ↑〉. Up to the first order in J we have
〈1 ↓| 〈0 ↑|H01s |0 ↑〉 |1 ↓〉 = −J/4, 〈1 ↑| 〈0 ↑|H01s |0 ↑〉 |1 ↑〉 = J/4.
This means that the spin at site 1 is under the action of an effective magnetic field h˜ = −1/4.
Under the assumption that h ≫ 1, the higher orders in the perturbation theory give small
corrections of the order of h−1. As a result of this renormalization procedure step, we arrive
at a problem equivalent to the initial one: a semi-infinite spin-1
2
Heisenberg chain, with a
local magnetic field acting on the site at origin of the chain (now it will be site 1).
If one assumes that the discussed fixed point is such that the local magnetic field at the
origin of the spin chain flows to infinity, then the renormalization procedure generates a
relevant operator that makes this process nonconvergent. This is in contradiction with the
initial assumption that h =∞ is a stable fixed point. We have to conclude that h =∞ is a
repulsive fixed point. Note, that this conclusion holds for a finite interval of the parameter
|γ¯| . 1, because γ¯ does not radically influence the effective magnetic field acting on site 1.
One can see this from the second order corrections to the energy of the anti-parallel and
parallel spin configurations, that are −J (1±γ¯)2
32
h−1.
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It is not accidental that the present discussion resembles the analysis of the overscreened
two channel Kondo problem [15]. Indeed, the spin chain model, in the absence of the γ-
term, is equivalent to the TL-impurity problem at a particular value of an electron–electron
interaction parameter g = 1/2 [21,5]. The latter problem can in turn be reduced to a resonant
level model [26]. Moreover, the overscreened two channel Kondo model at a specific value
of the longitudinal exchange coupling is equivalent to the same resonant level model [27].
Thus, the spin chain model and the Kondo model are equivalent at one point. On the other
hand, it is well known that in the overscreened two channel Kondo problem the limit of
infinite exchange interaction is unstable, and there is an anomalous fixed point at a finite
coupling [15]. This property is preserved in the presence of the spin exchange anisotropy,
which is irrelevant [28]. Since the spin chain model and the two channel Kondo model are
equivalent at one point, it is natural that we have found that the point h =∞ is repulsive.
Since h ∝ u−, it follows from this analysis that the line u− ≫ 1 is a repulsive fixed line for
the problem of impurity scattering in a TL liquid. The present treatment is not restricted
to the special point of a TL liquid with g = 1/2. This has been accomplished by the γ 6= 0
term in the spin chain model.
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